Cordial Volterra integral equations (CVIEs) from some applications models associated with a noncompact cordial Volterra integral operator are discussed in the recent years. A lot of real problems are effected by a delayed history information. In this paper we investigate some properties of cordial Volterra integral operators influenced by a vanishing delay. It is shown that to replicate all eigenfunctions t λ , 0 λ = or 0 λ ℜ > , the vanishing delay must be a proportional delay. For such a linear delay, the spectrum, eigenvalues and eigenfunctions of the operators and the existence, uniqueness and solution spaces of solutions are presented. For a nonlinear vanishing delay, we show a necessary and sufficient condition such that the operator is compact, which also yields the existence and uniqueness of solutions to CVIEs with the vanishing delay.
Introduction
A kind of Volterra integral equations with weakly singular kernels arisen in 1975 [1] from some heat condition problems with mixed-type boundary conditions is transformed by Watson transforms [2] and the convolution theorem [3] . In [4] , the author generalizes such kind of equations into cordial Volterra integral equations (CVIEs) with the form It is shown that the cordial Volterra integral operator ϕ  in the Banach space ( ) C I is noncompact and its spectrum is a non-countable set, i.e., The pure Volterra integral equations with vanishing delay (VIEwND) are initially studied in [6] and a special form of VIEwND, proportional delay differential equations, is widely used in practical applications, for example, electrodynamics [7] [8], nonlinear dynamical systems [9] [10], and also the survey papers [11] [12] . In this paper, we consider the CVIEs with a vanishing delay,
where ( ) t θ is a continuous delay function such that (0) 0 θ = and ( ) t t θ < for all 0 t I < ∈ and the operator with delay is similarly defined by
Besides the existence and uniqueness of solutions to (2), it is more interesting how the eigenvalues and eigenfunctions of the operators are influenced by vanishing delays. In Section 2, we show that the proportional delay ( ) t qt 
Propositional Delays
For a vanishing delay ( ) t 
The properties of the operator Theorem 2.1. Assume that the function 
2) Without loss of generality, suppose that
. Then similarly to the approach in [4] , there exists a polynomial 0 ( ) 
, we define an integration function of the core by
CVIEs naturally reduce to a proportional delay form 3) The dimension of the null space (5) , and there exists exactly one solution to (5) 
General Vanishing Delays
For a more general vanishing delay, the compactness of the cordial Volterra integral operators is influenced by the value of (0) θ ′ . 

is compact in ( ) C I for any core ,1 q
The existence and uniqueness of solutions to (2) is similar to the classical second kind of VIEs when the corresponding operator is compact. , there exists a unique solution to (2) . Proof. In Lemma 3.9, it is shown that the null space of the operator 
(the linear form of Lighthill's equations) and ( ) sin
Then the corresponding operators are compact and there exists a unique solution to (2) for 0 µ ≠ and 
